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Magnetic-field Induced Change of the Viscosity of Diamagnetic Gases 
with Anisotropic Magnetic Susceptibility 
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The influence of a high magnetic field on the viscosity of diamagnetic gases of linear, symmetric 
and asymmetric top molecules is studied within the frame-work of the kinetic theory based on the 
Waldmann-Snider equation. The quadratic Zeeman effect associated with the anisotropic magnetic 
susceptibility is taken into account in addition to the usual linear Zeeman splitting. 

A viscous flow in a polyatomic gas gives rise to 
a collision-induced alignment of the molecular rota-
tional angular momentum. The alignment, in turn, 
affects the value of the viscosity. Hence application 
of an external field has an influence on the transport 
coefficient if the alignment is appreciably altered by 
the field-induced motion of the rotational angular 
momentum of a molecule between two successive 
collisions. This phenomenon, known as the Senft-
leben-Beenakker effect 2, has been studied exten-
sively both experimentally and theoretically for 
gases of paramagnetic and diamagnetic linear and 
symmetric top molecules in the presence of a mag-
netic field 2, and for polar gases of symmetric top 
molecules in the presence of an electric field2 . If 
the relevant field Hamiltonian is of dipolar type 
(1st order Zeeman and Stark effects) the field-
induced change of the transport coefficients depends 
on the magnitudes of the magnetic and electric fields 
H and E and on the pressure of the gas via H/P and 
E/P. Polar gases of linear ^-molecules in the pres-
ence of an electric field (2nd order Stark effect) 
where an E2/P dependence can be expected have 
been treated theoretically3 but no measurements 
have been reported so far. 

In this note, theoretical expressions derived from 
the Waldmann-Snider equation4 are presented for 
the magnetic-field-induced change of the viscosity of 
diamagnetic gases in the presence of strong mag-
netic fields. The quadratic (2nd order) Zeeman 
effect associated with the anisotropic molecular sus-
ceptibility is taken into account in addition to the 
usual linear (1st order) Zeeman effect. The qua-
dratic term is of particular importance for heavier 
(organic) molecules5 . Linear, symmetric and asym-
metric top molecules are treated. 

Reprint requests to Dr. S. Hess, Institut für Theoretische 
Physik der Universität Erlangen-Nürnberg, D-8520 Er-
langen, Glückstraße 6. 

Waldmann-Snider Equation and Field 
Hamiltonian 

The nonequilibrium state of a polyatomic gas is 
characterized by the distribution function (opera-
tor) f(t,X,p,J...) where p and hJ are the linear 
and rotational angular momenta and the dots stand 
for additional operators specifying the internal 
state of a molecule. The average ( W) of an operator 
W(p,J,.. .) is defined by ( W) = n'1 f d 3 p T r Wf 
where n = / d 3 p T r / is the number density of the 
gas and " T r " denotes the trace over all internal 
quantum numbers. The nonequilibrium distribution 
/ obeys the Waldmann-Snider equation. With / = 
/ 0 ( 1 + <Z>) where / 0 is an equilibrium distribution 
and 0 characterizes the deviation from equilibrium, 
the Waldmann-Snider equation can be written 
as 4' 6' 7 (C is the velocity of a molecule) 

~dT + c - V < £ - ( i k ) - 1 [ ! H , # ] + c o ( # ) = 0 . (1) 

The 2nd, 3rd and 4th term in Eq. (1) describe the 
change of due to the free flight, to the internal 
motion, and to the binary collisions of the mole-
cules. For diamagnetic molecules in the presence of 
a strong magnetic field H = Hh(hh = l) the 
Hamiltonian can be written as 5 

- C ^ h J - h C z H z j i h J J h (2) 

where 777 denotes the symmetric traceless part of a 
tensor. The coefficients Ct and C2 which, in general, 
depend on the internal quantum numbers of a mole-
cule can be related to the gyromagnetic ratio and 
the magnetic susceptibility 5 , respectively. The com-
mutator — (£ h ) [ ! H , occurring in Eq. (1) 
can be written as 

-i<01 [h-J, - y <o2(h J[h J, 

+ [h J, 0]h-J) (3) 
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with J = J~i J. It is understood that the eigenvalues 
of J2 are / ' ( / '+ 1) where j is the rotational quantum 
number. The eigenvalues of are [/'(/' + 1 ) ] - V l . 
For gaseous N2 and gases of heavier molecules at 
room temperature, the molecules are predominantly 
in rotational states with j ^ 10. Thus / (/ + 1) can 
be approximated by j2. For large j, (3) can be re-
placed by 

-i(wi + (ju2h-J) [h J, <Z>] . (3 a) 

For an asymmetric top molecule the frequencies oj1 

and w 2 are given by 

hojl = jii^gH, hoj2 = y'H2 (4) 
with 

3 3 

g = 2 a i 9 i , X = I J ^ Z c i i i z i - x ) , (5) 
i = 1 i = 1 

a i = y - 2 ( e i - J ) 2 = ( e r J ) 2 . (6) 

The <?; are unit vectors parallel to the principal axes 
of the moment of inertia tensor. The gi and Xi are 
the diagonal elements of the molecular Rvalue ten-
sor and of the susceptibility tensor in the principal 
inertial axes system. The quantity £ is given by 
X = i 2 yj . The nuclear magneton has been denoted 
by . For a symmetric top molecule one has gx 

= 92 = 91, 9s = g\\; Xi = %2 = Xl, Xs = XW where 

parallel and perpendicular refers to the molecular 
figure axis. In this case Eq. (5) reduces to 

^ = ( 1 - 0 3 ) ^ 1 + 0 3 ^ 1 1 ; (7) 
/ = ( l - 3 a 3 ) (XL-XW) • 

Here, the eigenvalues of a3 are [/'(/' + 1) ] A ; 2 , 
— j ^ k ^ /'. The expressions for a linear molecule 
are obtained from (7) with a3 = 0. 

The precession frequency of the rotational angu-
lar momentum associated with the 1st order Zeeman 
effect is co1. The quantity co1 + co2h-J can be 
looked upon as a precession frequency which de-
pends on the angle between J and the applied mag-
netic field. 

Calculation of the Viscosity Coefficients 

For all gases measured so far (except NH3) the 
dominant type of alignment set up by a viscous 
flpw and the only one considered here is charac-
terized by the (2nd rank) tensor polarization (align-
ment) 

a = (3») . = [J2 (J2 - 3 /4) ] J J . (8) 

For convenience, the normalization factor occurring 
in (8) has been chosen such that = 5 . Trans-
portrelaxation equations for the friction pressure 
tensor p and the tensor polarization can be derived 
from the Waldmann-Snider equation by application 
of the moment method8 '9 . The quadratic Zeeman 
term in the Hamiltonian (2) couples a with the 
vector polarization ( J ~ 1 J ) and the 3rd rank tensor 
polarization (J~3 J J J). Thus similar complica-
tions as discussed in Ref. 3 (see also Ref.1 0 ) in con-
nection with the 2nd order Stark effect arise here. 
If the relaxation frequency of the n-th rank tensor 
polarization (n = 1, 3, 4 , . . . ) is approximately 
equal to the relaxation frequency coa of the 2nd 
rank tensor polarization a simpler solution proce-
dure can be used. This method works as follows. 

Firstly, the usual transport-relaxation equation is 
derived for the friction pressure tensor p = n(cp) 
(p = m C, m is the mass of a molecule). To this pur-
pose, Eq. (1) is multiplied by / 0 C p and then the 
integration over the linear momentum and the trace 
" T r " is performed. Subject to the assumption that 
the tensor polarization a is the only type of colli-
sion-induced alignment which is produced by p 4= 0, 
and if spatial gradients of nonconserved quantities 
are disregarded, one obtains 8' 9 

3 p 
31 + 2 P V u + c'VP + o j p a V 2 P sl = 0 . (9) 

Here P ^ n k ^ T and V = (c) are the equilibrium 
pressure and the flow velocity of the gas; cop and 
copa are relaxation coefficients which can be ex-
pressed in terms of collision integrals evaluated 
with the Waldmann-Snider collision operator. Some 
of their properties will be discussed later. 

Next, an equation for a is needed. To circumvent 
the above mentioned difficulties connected with the 
2nd order Zeeman term, an equation for a : 
[cf. Eq. ( 8 ) ] is first derived from Eq. (1) rather 
than the usual transport-relaxation equation 8 ' 9 for 
a. To this purpose, Eq. (1) is multiplied by / 0 and 
integrated over the linear momentum. Subject to 
the same assumption which led to Eq. (9) one finds 

da/dt-i{co1 + oJ2h-J) [h J,®]: a 

4 > : 
(O n n c—1 

[VIP p + co., a = 0 , (10) 

with two additional relaxation coefficients coa and 
o j a p . Time reversal invariance of the molecular 
interaction implies the Onsager relation coap = copa . 
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The inequalities ojp > 0, coa > 0, and cop co.A > co.ap-

guarantee the decay to equilibrium. 
Equation (10) can be cast into a more tractable 

form with the help of the 4-th rank projection ten-
sors 9 P W (m = 0, ± 1 , ± 2 ) . They describe the ro-
tation of a 2nd rank tensor about a direction speci-
fied by the unit vector h. The definitions 

are introduced. Furthermore, use is made of the 
following properties 

p(m):p(m') = Smm'P(m), 2 ? ( » ) = i , 2 a ( " ) = a , (12) 
<£. a(m). = <£ ( - « ) . a(rn) ? (13) 

[h J, (14) 

Thus, Eq. (10) is equivalent to 

<l>(-m). 3a(m ) /3f 

+ [i m {<ax +w2h-J) + c o j : a 1 » 

+ 
VHP 

<!>(-«) . p(m) _ Q ^ (15) 

where is defined analogous to (11) . 
For the treatment of the viscosity problem, a 

steady state situation is considered, i. e. the time 
derivatives in Eqs. (9 ) , (10) , (15) are put equal 
to zero. Then Eq. (15) yields 

a(»)= [] + i m (<p1+<p.2h-J)]~1 

1 /2Pw a 

with the abbreviations 

<plt2 = Wlj2/C0, (17) 

The alignment tensor SL̂ m> needed in Eq. (9) is now 
obtained from Eq. (16) . This equation is multiplied 
by ( T 1 exp { - HTOt/kB T } 3> and the trace " T r " 
is performed. Here HTOt is the rotational Hamil-
tonian and Q is given by Q = Tr exp { — HTOt/kB T} . 

The resulting equation is 

a Lm(<P 1,^2) (m) (18) 
V2Po)a 

with 

Lm(<p x,cp2) (19) 
= ([1 + im((p1 + g>2h-J)]~1 Gri : 

where ( . . . ) o indicates an equilibrium average. 
Notice that Lm(0,0)=1. Insertion of (18) into 

Eq. (9 ) , finally yields, for a steady state situation 
2 , — , 

P = - 2 2 : V f , (20) 
m = -2 

with the complex viscosity coefficients 

ri™=rlW{cp1,(p2)= - - [ l +ALm{cpx,cp2)}. (21) 
<0 p 

The positive quantity A is essentially a measure for 
the strength of the collision-induced coupling be-
tween p and a . It is defined by 

A = COpa COap/Wp OJa • (22) 

In Eq. (21) terms nonlinear in A have been dis-
regarded since A can be expected to be of the order 
10~2 or even smaller. The possibilities to measure 
the 5 independent viscosity coefficients have been 
discussed in Refs. 9 and 1X. 

Magnetic Field and Pressure Dependence 
of the Viscosity 

For the Senftleben-Beenakker effect, the relative 
magnetic-field induced change of the viscosity, i. e. 

em = V ' 1 [ r ] { m ) - r ] ] (23) 

is of interest where v\= (P/wp) (1- f A) is the field 
free viscosity. From Eqs. (19 ) , (21) one infers 

Re£m = — A[1 — (f(mrpx+m(p2h-J) Km)0] , ( 24 ) 

Im£m = -A(g(m(p1 + m<p2h-J) Km)0, (25) 

with / ( * ) = ( l + x 2 ) - 1 , g(x)=xf(x), (26) 

K m = *&(« ) :<&(-« ) . (27) 

Notice that £0 = 0. In Eqs. (24 ) , (25) , averages over 
the magnetic, the rotational and the ^-quantum 
numbers have to be performed. In this connection 
it is of importance to note that 

and 
KX==K_X = ^ [ ( h - J ) 2 - ( f l - J ) 4 ] , (28) 

(29) 

Expressions similar to (24 ) , (25) with (28 ) , (30) 
have been obtained previously 12 for the Senftleben-
effect13 of the paramagnetic gas 0 2 subject to ap-
proximations referred to as the "uncoupled model". 

Next, the dependence of em on the magnitude H 
of the magnetic field and on the number density n 
is considered. The relaxation coefficients cop, c o a , . . . 
are proportional to the number density. Hence (px 
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and <p2 are proportional to H/n and H2/n, respec-
tively. At constant temperature, one has qp1~H/P 
and <p2~H2/P where P is the pressure. Thus the 
presence of the 2nd order Zeeman effect leads to 
deviations from the usual H/P dependence of the 
Senftleben-Beenakker eifect. 

The relative importance of the 2nd order Zeeman 
effect for the magnetic field dependence of the vis-
cosity is determined by the ratio <p2/cp2 = oj.2/oj^2 . 
To obtain an appreciation for the orders of mag-
nitude involved the ratio of the averaged quantities 

co 
and 

10" — ( c o l " ) o 5 CO 2 = (W22)O (30) 

(31) 

( / 2 ) o , 0 2 ) 

9? = .co10/coa, yj = eo20/coa 

is considered. With 

9o2= {92)O> (^Z ) 2 = /'O2 ( / 2 ) o > /O2 

one has 

V2I<P2 = «202 /w i02 = (Ax H/h 9o / ' x ) 2 • (33) 

A crude estimate is made for the gases N2 and 
C6H5F (fluorobenzene) where the values g0 ^ 0.26, 
0.034; A% 1 x 1 0 - 3 0 , 80 X 10~3 0 erg G - 2 , and 
y'o ÄS 12, 70 (room temperature) apply. For a mag-
netic field of 100 kG the precession frequencies as-
sociated with the 1st and 2nd order Zeeman effects 
are co10 1 3 0 x 1 0 6 , 17 X 1 0 6 s _ 1 , a n d eo20 « 
6 x 106, 12 x 106 s - 1 . 

The resulting ratio y/<p is equal to 0.05 and 0.7 
for N2 and C6H5F, respectively. Hence the quadratic 
Zeeman effect can be disregarded for N2 even at 
100 kG. This, however, is not the case for a gas of 
molecules like C cH5F. 

F, + i Go = 1 -

with 

15 (1 + 2 icp)' 
8 16 y 4 

1+2 i<p + 

Approximate Explicit Expressions for em 

In general, the averages over rotational and 
A:-quantum numbers occurring in Eqs. (24) , (25) 
have to be calculated numerically for given cox and 
co2 . For the case where <p22 « y>2 holds true, sim-
pler expressions for em can be obtained if (cp l 2 n)0 

and (•cp12n + 1)0 are replaced by cp2n and (<Pi)o<p2n-
These relations are exact for linear molecules where 
one has (p1= (cPi)o = CP- This approximation should 
reveal the essential features of the quadratic Zeeman 
effect on the magnetic field dependence of the trans-
port coefficients for molecules which are almost 
linear and for molecules which have a small spread 
in «^-values. Furthermore, it is assumed that j0 is 
large enough such that the summation over the mag-
netic quantum numbers can be replaced by an inte-
gration. The resulting approximate expressions for 
£„, are 

Re er, 

Im £r, 

with 

A Fm{(p, y/) , 

( f f i )o 
cp 

-A Gm(cp,xp) 

(34) 

(35) 

Fm(cp, ip) = 1 - hfdxf(mcp + mipx)Km, (36) 

+ i 
Gm(cp, ip) =i fdxg(mcp + mxpx)Kn (37) 

In Eqs. (36) , (37 ) , it is understood that h-J oc-
curring in Km (cf. 28, 39) is replaced by the con-
tinous variable x ( — 1 ^ x 5 ^ 1 ) . The integrals 
(36 ) , (37) can be evaluated analytically. The re-
sults are 

yr 
3 1 + i c f 

4 v>2 

^ ( 1 + 2 icp)2 

[(1 + i<p)* + yfi]l(<p,y,) 

3 1 + 2 icp 

( l + 2 i » 2 + 8 v 2 + 
16 v4 

( l + 2 * > ) 2 
y 

l(2<p,2y)\, 

1 , 1 + ix + iy 1 
l(x,y) = ——In- ; : — = arc tan 

* 2 ly l+ix-iy y l+zx 

(38) 

(39) 

(40) 

For ip = 0, (38) and (39) reduce to l - ( l + t » _ 1 or as (cf. 33) 
and 1 - ( l + 2 i » ~ 1 . y<= (H/H*) cp. (42) 

For the purpose of plotting Fm and Gm, a numeri- The reference number density n* and the refer-
cal integration of (36 ) , (37) is more convenient. ence magnetic field strength H* are given by 
Next, it is noticed that xp can either be written as n * = u ^ 2 g 2 j 2 fr /jyj - l ? (43) 

xp = (n/n*)cp2 (41) H* = u ^ g 0 j 0 ( A X ) - 1 . (44) 



induced change of the viscosity coefficient Re r]l versus cp ~ H/n. The 
curves I —VI pertain to the values 0, 0.5, 1, 2, 4, 8 for the parameter 
ß — njn * which characterizes the relative importance of the 2nd order 

Zeeman effect. 

Im r/1 versus cp. The values for the parameter ß are the same as in 
Figure 1. 

0.1 1.0 

Fig. 3. The quantity F2 which is proportional to the magnetic-field-
induced change of the viscosity coefficient Re^ 2 versus 2 cp. Notice that 

curve V has been omitted. 

same values as in Figure 1. 
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In (43) , Vth is a thermal velocity. The effective cross 
section oa is defined by toa = n vth oa . Relations 
(41 ) , (42) indicate that the 2nd order Zeeman 
effect gives rise to an extra density dependence or 
an extra H dependence in addition to the usual H\n 
or H/P dependence of the viscosity unless one has 
n<n* or H < H*. For N2 and C6H5F the char-
acteristic magnetic field strength H* is of the order 
of 2000 kG and of 140 kG, respectively. A crude 
estimate for n*, as given by (43 ) , yields, with 
0 a ^ 5 O x l O ~ 1 6 and 150 X 10~1 6 cm2, n* « 1019 

c m - 3 and 3 x 1016 c m - 3 for N2 and C6H5F, respec-
tively. These number densities correspond to pres-
sures of roughly 300 Torr and 20 Torr at room 
temperature. 

In Figs. 1 — 4, Fm and Gm (m = 1, 2) as given by 
(36 ) , (37) have been plotted as functions of mcp. 
The parameter is the ratio ß = n/n*, cf. Equation 
(41) . The curves labelled by I to VI pertain to 
ß = 0, 0.5, 1, 2, 4, 8, respectively. The value ß = 0 
(curves I) corresponds to the case where the 2nd 
order Zeeman effect is absent. Notice that the in-
fluence of the 2nd order Zeeman effect is more 
pronounced for Ft and G1 than for F2 and G2 • 
Furthermore, it is obvious that G l and G2 which are 
associated with the transverse viscosity coefficients 
are more dramatically affected by the 2nd order 
Zeeman effect than F1 and F 2 . 

Final remarks 

The influence of a magnetic field on the heat con-
ductivity of a diamagnetic gas can be treated theo-
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retically similar to the magnetic-field-induced change 
of the viscosity which has been considered in this 
note. Measurements of the influence of strong mag-
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effect associated with the anisotropic magnetic sus-
ceptibility is expected to play an important role. 
This is the case e. g. for C6H5F, C6H6 and heavier 
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Finally, it seems worth mentioning that the ex-
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